I. INTRODUCTION
The behavior of directional acoustic beams penetrating into sediment from water has been investigated, both theoretically and experimentally, for a long time 2~5, 10 since Muir et al. presented their experimental results. Some of the theories 2, 10 did not consider the nonlinear effects when tried to explain the abnormal phenomena found by Muir et al. in their experiment. We here use the KZK equation, which has been widely used as the base of calculating the nonlinear sound field numerically in a single-phase medium, to calculate the sound field in the two-phase media. So the least simplification need to be made for the physical model.
To solve the KZK equation numerically in the Cartesian coordinates, the cross-section of the sound beam at any acoustic axial range must be perpendicular to the acoustic axis 6. It is difficult to select the progressive direction, when part of the sound beam has penetrated into the sediment, if the grazing angle of the source is smaller than the critical angle (since the sound speed is different in sediment with that in water, and Snell's laws can not be used to adjust the progressive direction of the evanescent wave for the post critical incidence). To solve this problem, a positiondependant phase lag is assumed for each field point and this will be discussed in detail in section I.
The method is proved to be effective by the good agreement between the numerical results and the experimental data presented by Muir et al..
II. THEORY
The normalized parabolic equation (KZK equation) of the sound field is /λis the Rayleigh distance of the projector, a is the radius or the half length of the broad side of the source, ω is the angular frequency,βis the nonlinear coefficient, ρ 0 is the ambient density, c0 is the ambient sound speed and u0 is the velocity at the source surface.
The water and the sediment are assumed as two kinds of liquid with different densities, ambient sound speeds and nonlinear coefficients. The KZK equation is valid both in water and in sediment, but the respective coefficients are different.
The equation (1) was originally used to solve the harmonic sound field. When it is used to solve the parametric sound field, some changes in the initial condition and normalizing parameter for the convenience of calculation should be made 7 .
The KZK equation will be solved in the frequency domain. So the pressure can be expanded as:
Substitute (2) to (1), the following partial equations of gn and hn can be obtained:
The above equations can be solved step by step from the boundary σ= 0 along theσ direction using finite difference method (see Fig. 1 ), but the length of the progressive step must be small enough 8 . Equation (3) is used for solving the sound field in water. When the sound field in sediment is considered, the n 2 of the first item in the right-hand side of equation (3) should be replaced by n if the absorption in sediment is assumed to be linear with frequency.
FIGURE I. COORDINATE FOR CALCULATION
When a part of the sound beam reaches the water-sediment interface, for the pressure within this part of sound beam, the continuity of each harmonic is assumed:
where pni, pnr, pnt is the nth harmonic of the incident, reflective and refractive wave respectively. So the pnt at the water-sediment interface can be obtained 9 from the calculated p ni in the last step if the length of progressive step is small enough. The following procedures of calculating sound field in sediment will be based on the KZK equation in sediment.
FIGURE II. DIRECTION CHANGE FOR BEAM ACROSS THE WATER-
SEDIMENT INTERFACE Equation (3) was obtained through eliminating variable τ.This means that at each step of calculation, pressure at any point in the cross-section must be of the same moment. Then some difficulties occur, when part of the sound beam has been in the sediment. For example, in Fig. 2, A , B are two points in the cross-section of one calculation step and B is just on the interface CD of two different media. The next step A will travel to A', but B will travel to B" instead of B', because the sound speed in sediment is a bit larger than that in water. In order to validate the finite difference method, either the point B" is chosen and the progressive direction is adjusted from z to z', or the B' is chosen and a phase lag is introduced to keep the moment of the pressure at B' equals to that at A'. If the grazing angle is smaller than critical angle, adjusting the progressive direction of the evanescent wave by Snell's law is not correct. So, B' is the only choice. The different points in the cross-section will be subject to a different phase lag when they are in the sediment because they reach the interface in different progressive step. The earlier the point reaches the interface, the more the phase changed. This method is valid only if the source last long enough that when A has progressed to A', there is still sound pressure at B'.
Since the sound field in sediment is concerned, the reflective wave is neglected in calculating the sound beam in water while part of the sound beam is in sediment. This is, of course, not accurate for the sound field in this part of water volume, but if the nonlinear interaction between the incident and reflective wave is not very strong, the sound field in sediment will not be influenced seriously.
III. NUMERICAL RESULTS AND DISCUSSION
As an example, calculations corresponding to the experiments presented by Muir et al. were made. The following parameters were chosen according to Ref. 1: sound speed is 1465 m/s in water and 1675 m/s in sediment, absorption coefficient α is 0.082dB per wavelength in sediment, the specific gravity of sediment is 1.96 and the porosity is 40.3%.
For the convenience of calculation, 200kHz and 180kHz were used as two primary frequencies (in Ref. 1, they are 210kHz and 190kHz). The nonlinear parameter was assumed 3.5 in water and 6.5 in sediment 11 , and the absorption in water was assumed to be 0.00019dB/m for the difference frequency and to be proportional to the square of frequency.
For saving the computing time, up to the 3 rd harmonic of the primary frequency were considered. When the nonlinearity is not very strong, and the aim is to calculate the difference
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frequency sound field only, this arrangement is considered to be reasonable.
The water-sediment interface makes the sound field unsymmetrical with respect to the acoustic axis, so the source can not be treated as having only one dimension even though it is a circular array, which was the condition in the experiment of Muir et al., and equation (1) needs to be solved in the half space uy≥0 instead of the quarter space ux≥0 and uy≥0 in which it is usually solved in the condition of a twodimension source in a single-phase medium. The grazing angle of Figure 3 is 76.8°, corresponding to 4a in Table 1 of Ref. 1 . Results which are coincident with Snell's law can be seen. Figure 4 corresponds to 2a in Table 1 of Ref. 1, the grazing angle is 29.8°, which is close to the critical grazing angle. We can see the sound beam penetrating into the sediment, which can not be explained simply by Snell's law. The angle ∠ CAB is about 15°. This angle is not the transmission angle, it just tells the maximum amplitude position in the cross-section through point C. In fact, the angle ∠CAB in Figure 11 The reason for that is when the sound beam has traveled in the sediment for a quite long distance, then the absorption at various points in a wave front tends to be the same.
The pressure contour in Figure 5 is much more complicated than that in Figure 4 and Figure 3 . The smaller the grazing angle, the more complicated the pressure field in sediment. This trend was shown by the experiments of Williams et al., but not by their theory (see Figure 6 , 7 in Ref.
3). 
